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ON THE FREE SET NUMBER OF TOPOLOGICAL SPACES
AND THEIR Gδ-MODIFICATIONS
ISTVÁN JUHÁSZ, LAJOS SOUKUP, AND ZOLTÁN SZENTMIKLÓSSY
Abstract. For a topological space X we propose to call a subset S ⊂ X free in
X if it admits a well-ordering that turns it into a free sequence in X. The well-
known cardinal function F(X) is then definable as sup{|S| : S is free in X} and
will be called the free set number of X.
We prove several new inequalities involving F(X) and F(Xδ), where Xδ is
the Gδ-modification of X:
• L(X) ≤ 22
F(X)
if X is T2 and L(X) ≤ 2F(X) if X is T3;
• |X| ≤ 22
F(X)·ψc(X)
≤ 22
F(X)·χ(X)
for any T2-space X;
• F(Xδ) ≤ 2
22
F(X)
if X is T2 and F(Xδ) ≤ 22
F(X)
if X is T3.
1. Free sequences, free sets, and the free set number
As is well-known, a transfinite sequence 〈xα : α < η〉 of points of a topological
space X is said to be a free sequence in X if the closure of any initial segment of it
is disjoint from the closure of the corresponding final segment, i.e.
{xα : α < β} ∩ {xα : α ≥ β} = ∅
for each β < η. Also, the cardinal function F(X) which is defined as the supremum
of those cardinals κ for which there is a free sequence in X of length κ has been
thoroughly investigated.
Unlike many other cardinal functions, F(X) so far had no name, probably be-
cause in general the length of a sequence is not a cardinal number. So, as the aim
of this paper is to present several new results concerning F(X), we decided to pass
from sequences to sets and call a subset S ⊂ X free in X if it admits a well-ordering,
or equivalently an indexing by ordinals, that turns it into a free sequence in X . In
other words, free sets in X are just the ranges of free sequences in X . We shall use
F(X) to denote the collection of all free subsets in X . Clearly, then
F(X) = sup{|S| : S ∈ F(X)},
hence we propose to call F(X) the free set number of X .
All our other terminology and notation is standard, as e.g. it is in [1].
2. Some new inequalities involving the free set number
We start by presenting a very simple and basic but very general construction of
free sets. It has been used by many authors in numerous particular cases.
Lemma 2.1. Assume that X is a space, A ⊂ X, κ is an infinite cardinal, and
W ⊂ τ(X), moreover
(a) W is closed under unions of subfamilies of size < κ,
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(b) A \W 6= ∅ for each W ∈ W,
(c) for each S ⊂ A with S ∈ F(X) and |S| < κ there is W ∈ W with S ⊂W .
Then F(X) ∩ [A]κ 6= ∅, i.e. there is a subset of A of size κ that is free in X.
Proof. By transfinite recursion on α < κ we shall define points xα ∈ A and open
sets Wα ∈ W such that {xβ : β < α} ⊂Wα and Wα ∩ {xβ : β ≥ α} = ∅.
In the αth step we clearly have {xβ : β < α} ∈ F(X), hence we may use (c)
to pick Wα ∈ W with {xβ : β < α} ⊂ Wα. By (a) and (b) we can then pick
xα ∈ A \
⋃
β≤αWβ .
Clearly, the set {xα : α < κ} is as required. 
We shall only use Lemma 2.1 in cases where κ = λ+ is a successor cardinal. The
generality of Lemma 2.1 may turn out to be useful in studying the "hat version"
F̂(X) = min{κ : |S| < κ for all S ∈ F(X)}
of F(X) in cases when F(X) is a limit cardinal.
Next we introduce two auxiliary cardinal functions whose definitions involve free
sets and that will play important role in what follows.
Definition 2.2. Given a topological space X let
(i) µ(X) = sup{L(S) : S ∈ F(X)},
(ii) ν(X) = sup{|S| : S ∈ F(X)}.
Clearly, we have µ(X) ≤ ν(X) for any space X and ν(X) ≤ 22
F(X)
if X is T2.
Theorem 2.3. For each topological space X we have
L(X) ≤ F(X) · µ(X).
Proof. Let us write λ = F(X) · µ(X) and assume, on the contrary, that the open
cover U of X has no subcover of size ≤ λ. If we put
W =
{⋃
V : V ∈ [U ]≤λ
}
,
then for every S ∈ F(X)} there is W ∈ W with S ⊂W because L(S) ≤ µ(X) ≤ λ.
Thus we may apply Lemma 2.1 with the choices A = X , W , and κ = λ+ to obtain
a free set in X of size λ+ > F(X), a contradiction. 
For every subset S of a T2-space X we have L(S) ≤ |S| ≤ 22
|S|
, consequently,
µ(X) ≤ 22
F(X)
. If, on the other hand, X is even T3 then L(S) ≤ w(S) ≤ 2|S| for
every S ⊂ X , hence µ(X) ≤ 2F(X). From these we immediately obtain the following
result.
Corollary 2.4. (i) If X is any T2-space then
L(X) ≤ 22
F(X)
.
(ii) If X is T3 then
L(X) ≤ 2F(X).
Before we turn to our next result, we recall that the closed pseudocharacter
ψc(p,X) of a point p in a space X is defined as the smallest number of closed
neighborhoods of p whose intersection is {p}, see e.g. [1, p. 8.], Of course, X is T2
exactly then when ψc(p,X) is defined for all p ∈ X . In this case
ψc(X) = sup{ψc(p,X) : p ∈ X}
is the closed pseudocharacter of the space X . Clearly, ψc(p,X) ≤ χ(p,X) and
ψc(X) ≤ χ(X), moreover |X | ≤ ̺(X)ψc(X), where ̺(X) is the number of regular
closed sets in a T2-space X .
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Corollary 2.5. If X is any T2-space then
L(X) ≤ 2F(X)ψc(X)(≤ 2F(X)χ(X)).
Proof. For any S ⊂ X we have ̺(S) ≤ 2|S|, and so by our previous remark
L(S) ≤ |S| ≤ ̺(S)ψc(S) ≤ 2|S|·ψc(X).
It immediately follows then that µ(X) ≤ 2F(X)ψc(X), hence
L(X) ≤ F(X) · µ(X) ≤ 2F(X)ψc(X)
by Theorem 2.3. 
As a further corollary we obtain the following non-trivial upper bound for the
size of a T2-space space involving its free set number.
Corollary 2.6. If X is any T2-space then
|X | ≤ 22
F(X)ψc(X)
.
Proof. Let us put κ = F(X)ψc(X) and consider an elementary submodel M of
H(ϑ) for a large enough regular cardinal ϑ such that |M | = 22
κ
, M is 2κ-closed,
and X ∈M . We shall show that X ⊂M .
Assume, on the contrary, that there is p ∈ X \M . We may then apply Lemma
2.1 for A = M ∩ X and W = {W ∈ τ(X) ∩M : p /∈ W}, but with κ+ instead
of κ. Indeed, condition (a) of Lemma 2.1 holds because M and hence W is even
2κ-closed. Condition (b) holds by elementarity.
To see that (c) holds, first note that if S ∈ [A]κ then S ∈ M as M is κ-closed,
and hence S ∈M as well. But then |S| ≤ 22
κ
implies that S ⊂ A. For every point
x ∈ S we have ψ(x,X) ≤ 2κ, hence there is a family Vx ⊂ τ(X) with |Vx| ≤ 2κ
and
⋂
Vx = {x}. By elementarity and the 2κ-closure of M we may assume that
Vx ⊂M . For each x ∈ S there isWx ∈ Vx with p /∈ Wx, henceW covers S. Lemma
2.5 and the 2κ-closure of W then imply that there is W ∈ W with S ⊂W , thus (c)
is indeed satisfied.
But applying Lemma 2.1 we would obtain a free set in X of size κ+ > F(X),
a contradiction. Consequently, we indeed have X ⊂ M and so |X | ≤ 22
κ
=
22
F(X)ψc(X)
. 
An alternative way of proving Corollary 2.6 is to use the following inequality due
to the first author:
|X | ≤ 2F(X)ψ(X) L(X)
for any T2-space X , see [3, Theorem 3.1.]. Indeed, this together with Corollary 2.5
immediately yields Corollary 2.6. We chose to give our above direct proof to make
our presentation self-contained.
Before presenting our next result we need to introduce some new notation.
Definition 2.7. Given a topological space X and a subset A ⊂ X we let
(a) F(A,X) = {S ⊂ A : S is free in X},
(b) µ(A,X) = sup{L(S) : S ∈ F(A,X)},
(c) ν(A,X) = sup{|S| : S ∈ F(A,X)}.
Theorem 2.8. Assume that X is a T1 space and A ⊂ X is its subspace. If λ is a
cardinal satisfying the following two conditions:
(i) ν(A,X) ≤ λ = λF(X)·µ(X),
(ii) ∀x ∈ X ψ(x,A ∪ {x}) ≤ λ,
then |A| ≤ λ.
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Proof. Let us put κ = F(X) ·µ(X) and letM be a λ-sized and κ-closed elementary
submodel of H(ϑ) for a large enough regular cardinal ϑ with X,A, λ ∈ M and
λ ⊂ M. We shall show that A ⊂ M. Assume otherwise, then working towards a
contradiction we may fix a point y ∈ A \M. Let us then put
W = {W ∈ τ(X) ∩M : y /∈W}.
By condition (ii), for each point x ∈ X ∩M we may fix a family Ux ⊂ τ(X) with
Ux ∈ M and |Ux| ≤ λ such that x ∈
⋂
Ux and A ∩
⋂
Ux ⊂ {x}. Since λ ⊂ M, we
then also have Ux ⊂M.
Now, it is straightforward to check that we may apply Lemma 2.1 with the
parameters X, A ∩M, W , and κ+.
Indeed, conditions (a) and (b) of Lemma 2.1 hold trivially. To check (c), consider
an arbitrary set S ⊂ A∩M that is free in X . Then S ∈M and so S ∈ M as well,
moreover by |S| ≤ λ we also have S ⊂ M. For each a ∈ S we can pick Ua ∈ Ua
such that y /∈ Ua. Then V = {Ua : a ∈ S} ⊂ W covers S. But L(S) ≤ µ(X), hence
there is V ′ ⊂ V with |V ′| ≤ µ(X) which also covers S. Then V ′ ∈M because M is
µ(X)-closed. Thus W =
⋃
V ′ ∈ W with S ⊂ W , showing that condition (c) holds
as well.
But then by Lemma 2.1 there is a free set in X of cardinality κ+ > F(X), a
contradiction. Thus, indeed, we have A ⊂M. 
Let us note that in the case when A = X condition (ii) of Theorem 2.8 simply
says that ψ(X) ≤ λ, and the conclusion is that |X | ≤ λ, hence these two inequalities
are equivalent. But if X is T3 then on one hand from part (ii) of Corollary 2.4 we
have µ(X) ≤ 2F(X), while on the other hand we trivially have ν(X) ≤ 22
F(X)
. Thus,
in this case we may apply our theorem with the choice λ = 22
F(X)
to conclude the
following somewhat surprising result.
Corollary 2.9. For any T3-space X we have
ψ(X) ≤ 22
F(X)
⇔ |X | ≤ 22
F(X)
.
The real significance of Theorem 2.8, however, will become apparent in the next
section.
3. The free set number of the Gδ-modification
The Gδ-modification Xδ of a topological space X is the space on the same un-
derlying set generated by, i.e. having as a basis, the collection of all Gδ subsets of
X . The aim of this section is to give estimates of F(Xδ) in terms of F(X).
Let us recall before giving our next result that p is a complete accumulation point
(CAP) of a subset A of a space X if for every neighborhood U of p in X we have
|U ∩ A| = |A|. We shall denote by A◦ the set of all CAPs of A.
Lemma 3.1. (i) Let X be any space and ̺ > µ(X) be a regular cardinal. Then
A◦ 6= ∅ for every set A ∈ [X ]̺.
(ii) Let X be a T2-space, ̺ > 2
2F(X) be a regular cardinal, and s = 〈xα : α < ̺〉 be
a one-one ̺-sequence in X such that
{xα : α < ̺}
◦ = {x}
for some x ∈ X. Then s is not a free sequence in Xδ.
Proof. (i) If A◦ would be empty then we could apply Theorem 2.1 with parameters
X, A, W , and F(X)+, where W = {W ∈ τ(X) : |W ∩ A| < ̺}, to obtain a subset
of A of size F(X)+ that is free in X , a contradiction.
ON THE FREE SET NUMBER 5
(ii) Since X is T2 we now have µ(X) ≤ 22
F(X)
< ̺, hence by part (i) the
assumption {xα : α < ̺}◦ = {x} implies that the sequence s actually converges to
the point x. Clearly, then s also converges to x in Xδ.
Let us now put A = {xα : α < ̺} and W = {W ∈ τ(X) : |W ∩ A| < ̺}, as
in part (i). We may then apply Theorem 2.1 again, this time with the parameters
X \ {x}, A, W , and F(X)+, to obtain a subset B of A of size F(X)+ that is free
not in X but in X \ {x}. However, then for every open neighbourhood U of x we
must have |B \ U | ≤ F(X) because B \ U is already a free set in X . This clearly
also implies that |B \H | ≤ F(X), hence B ∩ H 6= ∅ for any Gδ-set H containing
x, consequently x ∈ B
δ
, the Gδ-closure of B. But |B| = F(X)+ < ̺ then implies
that B is included in a proper initial segment of s, while x is in the the Gδ-closure
of all final segments of s, consequently x witnesses that s is not a free sequence in
Xδ. 
Our next result is about half-way towards our goal, a general estimate of the free
set number F(Xδ) in terms of F(X) for any T2-space X .
Theorem 3.2. Let X be a T2-space and λ be a cardinal such that |X | = λ+ and
λ = λF(X)·µ(X) ≥ 22
F(X)
.
Then F(Xδ) ≤ λ.
Proof. Let us consider an arbitrary one-one sequence s = 〈xα : α < λ+〉 of length
λ+ in X , we shall show that s is not free in Xδ. Let us put A = {xα : α < λ+}, we
may then apply Theorem 2.8 to obtain a point x ∈ X such that ψ(x,A∪{x}) = λ+.
Since ψc(x,X) ≤ |X | = λ+ holds trivially, we then have ψc(x,X) = λ+ as well, so
we may fix open neighbourhoods {Wξ : ξ < λ+} of x with⋂
{Wξ : ξ < λ
+} = {x}.
This allows us to obtain a set B ∈ [A]λ
+
such that B◦ = {x}. Indeed, by
transfinite recursion on ξ < λ+ we shall pick distinct points bξ ∈ A \ {x} and
open neighbourhoods Uξ of bξ and Vξ ⊂ Wξ of x with Uξ ∩ Vξ = ∅ as follows. If
{bη : η < ξ} have been chosen then we use ψ(x,A ∪ {x}) = λ+ to pick the point
bξ ∈ A ∩
⋂
{Vη : η < ξ} \ {x} and then, using that X is T2, we can easily choose
Uξ and Vξ appropriately. Let us put B = {bξ : ξ < λ+}, then it’s obvious from the
construction that B◦ ⊂ {x}. But then by λ+ > 22
F(X)
and part (i) of Lemma 3.1
B◦ 6= ∅, hence we actually have B◦ = {x}. But then by part (ii) of Lemma 3.1 the
cofinal subsequence of s with range B is not free in Xδ, and so neither is s. 
We are now ready to present the main result of this section.
Theorem 3.3. For every T2-space X we have
F(Xδ) ≤ λ(X) = 2
µ(X)·2F(X) · ν(X)µ(X)·F(X)
+
.
Proof. Our proof is indirect, so assume that F(Xδ) > λ(X), hence there is a se-
quence s = 〈xα : α < λ(X)+〉 of length λ(X)+ that is free in Xδ. This means that
there is a function
h : X × λ(X)+ → [τ(X)]ω
such that for each x ∈ X and α < λ(X)+ we have x ∈
⋂
h(x, α) and⋂
h(x, α) ∩ {xβ : β < α} = ∅ or
⋂
h(x, α) ∩ {xβ : β ≥ α} = ∅.
To simplify our notation, let us put for the rest of our proof κ = µ(X) · F(X)+.
Then clearly λ(X)κ = λ(X), hence also (λ(X)+)κ = λ(X)+ hold. Consequently
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we may fix a κ-closed elementary submodel M of H(ϑ) for a large enough regular
cardinal ϑ with |M | = λ(X)+ such that X, s, h, λ(X)+ ∈M and λ(X)+ ⊂M .
We then consider the T2-space XM = 〈X ∩M, τM 〉, where τM is the topology
on X ∩M generated by {U ∩M : U ∈ τ(X) ∩M}, see e.g. [2]. Then from h ∈M
and h ⊂M it clearly follows that s is a free sequence in (XM )δ as well, hence
F
(
(XM )δ
)
= |XM | = λ(X)
+.
Our next aim is to show that F(XM ) = F(X). To see this, consider first any
sequence z = 〈yξ : ξ < F(X)+〉 in X ∩M . Then the κ-closure of M implies z ∈M ,
moreover z is not free in X , hence by elementarity there is a point x ∈ X ∩M that
witnesses this, i.e. there is ξ < F(X)+ such that for any x ∈ U ∈ τ(X) we have
{yη : η < ξ} ∩ U 6= ∅ 6= {yη : η ≥ ξ} ∩ U.
This clearly implies that x is a witness for z not being free in XM either, hence we
have F(XM ) ≤ F(X).
On the other hand, if σ is a cardinal for which there is a free sequence of length σ
in X then, by elementarity again, there is also such a free sequence z = 〈yξ : ξ < σ〉
in X of length σ that is a member and hence a subset of M . Note however, that
for every set S ⊂ X if S ∈ M and |S| ≤ F(X) then we have both S ∈ M and
|S| ≤ 22
F(X)
≤ λ(X), hence S ⊂ M . These together imply S
M
= S, and so that z
remains a free sequence in XM . Thus we also have F(XM ) ≥ F(X), consequently
F(XM ) = F(X).
Completely analogous arguments yield us that we also have µ(XM ) = µ(X)
and ν(XM ) = ν(X). But then we see that XM and λ(X) = λ(XM ) satisfy the
assumptions of Theorem 3.2, consequently F
(
(XM )δ
)
≤ λ(X), and so we arrived
at a contradiction.

The formulation of Theorem 3.3, namely the choice of λ(X), might not be simple
or esthetic but the following corollary is. It follows immediately from the simple
observations that µ(X) ≤ ν(X) ≤ 22
F(X)
if X is T2 and that µ(X) ≤ 2F(X) if X is
even T3.
Corollary 3.4. For every T2-space X we have
F(Xδ) ≤ 2
22
F(X)
.
Moreover, if µ(X) ≤ 2F(X), in particular if X is T3, then
F(Xδ) ≤ 2
2F(X) .
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